Effects of electron-electron interactions on spin-split and mass-split cyclotron resonance ͑CR͒ in a quantum Hall regime are studied by means of numerical diagonalization in finite-size systems. In the case of spin-split CR, the spectra at low temperatures show a simple mode-repulsion behavior at low filling factors, while they show more complicated behaviors at high filling factors including motional narrowing when the electron density for up-spin and that for down-spin are comparable. The spectra at high temperatures can be understood in terms of increase in the effective filling factor. The results qualitatively explain experiments in GaAs/Al x Ga 1Ϫx As heterostructures. In the case of mass-split CR, the spectra show only a mode-repulsion behavior independent of temperatures and filling factors. ͓S0163-1829͑98͒06627-2͔
I. INTRODUCTION
Cyclotron resonance is known to provide important information on electronic properties in two-dimensional systems ͑2DES's͒ in high magnetic fields. In a homogeneous system where each electron has a same cyclotron frequency, CR spectra are not influenced by electron-electron interactions ͑Kohn's theorem͒. 1 In fact, the external electric field couples only with the center-of-mass motion unaffected by internal forces and equivalent to a single harmonic oscillator with the cyclotron frequency 0 . In an inhomogeneous or multicomponent system, however, Kohn's theorem is no longer valid and electron-electron interactions directly modify CR spectra. The purpose of this paper is to study effects of electronelectron interactions on two-component CR in 2DES's by means of numerical diagonalization of the Hamiltonian for finite-size systems.
In 1970's the Si ͑001͒ inversion layer was studied. In this system, there are two different sets of subbands with different cyclotron masses. The first set is twofold degenerate subbands ⑀ 0 , ⑀ 1 ,... formed at two valleys in the ͓001͔ direction and the second set is fourfold degenerate subbands ⑀ 0 Ј , ⑀ 1 Ј ,... formed at the other four valleys. At high temperatures where both ⑀ 0 and ⑀ 0 Ј subbands are occupied by electrons, only a single peak was observed in CR. 2 A uniaxial stress was applied in the ͓100͔ ͑or ͓010͔͒ direction to lower the ⑀ 0 Ј
subband, but only a single peak was observed. 3 Two CR peaks were observed in later more elaborate experiments under higher stresses and at higher electron densities. 4, 5 Motivated by these interesting experiments, CR in Si inversion layers was studied theoretically. Landau's Fermiliquid theory gave the result that CR spectra can be regarded as two coupled modes that repel each other in the presence of electron-electron interactions leading to a transfer of intensities between the modes ͑a mode repulsion͒. [6] [7] [8] The effective coupling constant between two CR modes is determined by a dimensionless Fermi-liquid parameter. A mechanism based on electron-electron collisions was also proposed, 9 which is present only at nonzero temperature and make each kind of electrons relax to a state with a common velocity. This friction effect makes two CR peaks merge together with the increase of collisions ͑a motional narrowing͒.
Since the 1980's, CR in GaAs/Al x Ga 1Ϫx As heterostructures has been intensively studied. The CR spectrum in bulk GaAs systems exhibits two kinds of splittings caused by nonparabolicity effect. In fact, the cyclotron frequency for the transition from the Nth to (Nϩ1)th Landau level for aspin (ϭ↑,↓) electron have dependence because the g factor or the Zeeman splitting has slight energy dependence. 10 It also depends on the Landau-level index N due to the energy dependence of the effective mass. 11 The former is called spin or ⌬g splitting and the latter is called mass or ⌬m splitting. However, no clear evidence of either spin or mass splitting was found in GaAs/Al x Ga 1Ϫx As heterostructures with electron density nϳ10 11 cm Ϫ2 in a magnetic field Bϳ10 T. [12] [13] [14] [15] [16] Only recently, spin splittings were observed in samples in the extreme quantum limit [17] [18] [19] [20] or in a very high magnetic field. 21 In these experiments, [17] [18] [19] [20] CR shows an intriguing dependence on the filling factor and temperature. At Ͻ1/10, two peaks are observed and their positions are independent of temperature, while only a single peak is observed at Ͼ1/6. A crossover between these two types of behavior occurs at ϳ1/9, where two peaks merge into a single peak with decreasing temperature.
Effects of electron-electron interactions on spin-split CR were studied theoretically for Ӷ1/10 where electrons are believed to form a hexagonal Wigner solid. 22 It was later supplemented by a study based on a coherent potential approximation. 23 These results seem to explain the experimental results qualitatively if being extrapolated up to ϳ1/10.
Electron-electron interactions play an important role also in mass-split CR. 15, 16, 24 A theoretical study in a generalized single mode approximation 24 ͑GSMA͒ predicted some anomaly that an effective coupling constant between two CR modes corresponding to transitions from Nϭ0 to 1 and from Nϭ1 to 2 changes its sign when the first excited Landau level is nearly half-filled.
In this paper, we study these spin-split and mass-split cyclotron resonances by numerically diagonalizing the Hamiltonian in 2DES's consisting of a finite number of electrons. It is organized as follows: In Sec. II, the models and the method of calculations are discussed and in Sec. III GSMA is reviewed briefly. The obtained results are presented in Sec. IV and discussed in Sec. V. A summary and conclusion are given in Sec. VI. A preliminary account of a part this work at a very early stage has been presented. 25 
II. MODEL AND METHOD

A. Electrons on torus
Let us consider a 2DES with a rectangular form Sϭa ϫb where a and b are the linear dimension in the x and y direction, respectively. The system contains N e electrons with charge Ϫe(eϾ0). We shall use periodic boundary conditions in both x and y directions. The area of the system is not arbitrary but given by
where l is the magnetic length defined by lϭͱប/eB and N is an integer that gives the number of magnetic flux quanta passing through the system. The total filling factor is defined by
͑2.2͒
In the following, we shall confine ourselves to the case of the presence of a small nonparabolicity in the conduction band. The nonparabolicity is assumed to give rise to only a slight shift of the energy of Landau levels. Strictly speaking, a nonparabolicity leads to a mixing of different Landau levels and spins, and therefore various transitions other than conventional CR corresponding to those between adjacent Landau levels with the same spin can be induced such as an electric-dipole induced spin resonance. Usually this nonparabolicity effect on electron wave functions is much smaller than that on energy levels except in the case of a strong nonparabolicity.
In a Landau gauge A(r)ϭ(0,Bx), the wave function of a single electron is given by N j (r) , where N j (r) is the spatial wave function and is the spinor of -spin state. The spatial wave function N j (r) is written explicitly as
͑2.3͒
where H N is the Hermite polynomial and X j is the x coordinate of the guiding center, which takes discrete N values
The Hamiltonian is written as
where q is the reciprocal wave vector given by qϭ(2n x /a,2n y /b) with n x and n y being integers and c † and c are the creation and destruction operator, respectively, for the state with index ϭ (N, j,) . The nonparabolicity appears only in ⑀ N , which is slightly different from (N ϩ 
͑2.7͒
and
where L n m is an associated Laguerre polynomial, R ϭ͓il 2 (‫ץ/ץ‬y),yϪil 2 ‫͔)‪x‬ץ/ץ(‬ is the guiding center coordinate, and ␦ j, j Ј Ј is defined by
The strength of the Coulomb interaction is characterized by the effective Coulomb energy E C defined by
where ⑀ is the static dielectric constant. In the following we shall consider the strong-field limit, E C Ӷប 0 , in which mixing between different Landau levels due to the Coulomb interaction can be neglected. We assume also that k B T Ӷប 0 , where T is the temperature and k B is the Boltzmann constant. The many-body states written as
form a complete set of normalized orthogonal basis, where ͉vac͘ is the vacuum state. Diagonalization of the Hamiltonian matrix represented by these basis gives us all eigenenergies and eigenstates in the finite-size system. It is known that this numerical diagonalization method is very useful to study low-energy excitations of fractional quantum Hall effect. [26] [27] [28] Although the periodic boundary conditions break the continuous translational symmetry, a discrete translational symmetry still survives in the Hamiltonian ͑2.5͒. Using this symmetry, the Hamiltonian can be block diagonalized and each block is indexed by Haldane's wave vector. 29 This wave vector is conserved in the optical transitions because the current operator commutes with the magnetic translation operators.
B. Spin-split cyclotron resonance
The model of spin-split CR is shown in Fig. 1͑a͒ . In this case, there are up-spin ͑↑͒ and down-spin ͑↓͒ electrons in the lowest Landau level (Nϭ0). They have a cyclotron frequency slightly different from each other, i.e.,
where ⌬Ӷ 0 . The dimensionless coupling parameter is defined by
In the initial states, the lowest Landau level is partially filled by N ↑ up-spin electrons and N ↓ down-spin electrons. In the final states, a single up-or down-spin electron is excited into the first excited Landau level. The filling factor of electrons with spin is defined by
The CR spectra for circularly polarized light are determined by the real part of a dynamical conductivity, ͑ ͒ϭ xx ͑͒ϩi xy ͑͒.
Using the Kubo formula, the normalized CR spectrum is calculated in the leading order of ⌬/ 0 , E C /ប 0 , and
͑2.17͒
where ϭ(Ϫ 0 )/⌬, Z is the partition function, ͉i͘ and E i are the initial states and their energies, respectively, ͉ f ͘ and E f are the final states and their energies, respectively, and 0 is defined by
We can see that P( ) satisfies the following sum rules:
where p is defined by
which is proportional to the z component of the total spin.
FIG. 1.
A schematic illustration of the ͑a͒ spin-and ͑b͒ masssplit cyclotron resonance. Up-spin electrons have a larger cyclotron frequency than down-spin electrons in ͑a͒ and the energy between the lowest and the first excited Landau level is larger than that between the first and the second excited Landau level in ͑b͒.
The relative occupation of different spins is determined by the condition of the minimum free energy and varies as a function of the temperature, the g factor or the Zeeman energy, and the strength of the Coulomb interaction. 30, 31 In the following, however, we shall treat ↑ and ↓ as parameters independent of others as we are interested in the global behavior of CR spectra as a function of these parameters. Finding an equilibrium spin configuration can be a separate problem.
C. Mass-split cyclotron resonance
The model of mass-split CR is shown in Fig. 1͑b͒ . In this case, we neglect electron spins and consider a spinless system. The cyclotron frequencies corresponding to transitions from Nϭ0 to Nϭ1 and from Nϭ1 to Nϭ2 have different values 10 and 21 , respectively;
where ⌬Ӷប 0 . In the initial states, the lowest Landau level is completely filled and the first excited Landau level is partially filled by N p electrons. In the final states, a single electron in the lowest or the first-excited Landau level is excited into the first or the second excited Landau level, respectively. The filling factor of the first excited Landau level of electrons and holes are defined by
respectively, where N h ϭN ϪN p is the number of holes in the first excited Landau level.
In the leading order of ⌬/ 0 , E C /ប 0 , and k B T/ប 0 , the normalized dynamical conductivity is written as
͑2.25͒
We can also see that P( ) satisfies sum rules ͑2.19͒ and ͑2.20͒, if p is redefined as
III. SINGLE MODE APPROXIMATION
A. Spin-split cyclotron resonance
In a generalized single-mode approximation ͑GSMA͒, two-component CR at absolute zero temperature is regarded as two coupled harmonic oscillators. The absorption spectra are calculated from a 2ϫ2 effective Hamiltonian, which is determined by an effective coupling constant calculated using the guiding-center structure factor in the ground state.
The spectra consist of two ␦ functions and show a moderepulsion behavior.
In the case of spin-split CR, it is assumed that the f -sum rule ͑2.19͒ is exhausted by only two final states which are written as linear combinations of two collectively excited states
where ͉ 0 ͘ is the ground state with energy E 0 and A 0 ϩ is defined by Eq. ͑2.11͒. The 2ϫ2 effective Hamiltonian is given by
The effective coupling constant ␣ eff is defined as
͑3.3͒
with the guiding-center structure factor between up-and down-spin electrons in the lowest Landau level given by ͑3.5͒
The coupling parameter ␣ eff has been shown to be positive definite. 32 Diagonalizing this effective Hamiltonian, we obtain the CR spectrum as
where the peak positions Ϯ and the intensities I Ϯ are defined by
In infinite systems (a,b→ϱ), the structure factor has the particle-hole symmetry
͑3.9͒
In finite systems, this symmetry is broken because the guiding-center coordinate X is discretized and the electron density distribution is still inhomogeneous when the Landau level is completely filled. However, this finite-size effect is negligible in sufficiently large systems such as N տ4. The symmetrized effective coupling constant is defined by
which has the particle hole symmetry in the sufficiently large systems:
The effective coupling constant has also a symmetry with respect to the exchange of up and down spins, i.e.,
because S ↑↓ (q) is invariant under this operation.
When the up-spin Landau level is completely occupied, i.e., ↑ ϭ1, the structure factor S ↑↓ (q) vanishes. More generally, we have S ↑↓ ϰ(1Ϫ ↑ ) for ↑ ϳ1. This leads to the conclusion that the CR spectrum is not influenced by electron-electron interactions in GSMA for ↑ ϭ1 and ↓ Ͻ1 at all. The same is true in the case that ↓ ϭ1 and ↑ Ͻ1, although this case is somewhat unrealistic.
At ϭ1, ,..., the ground state is believed to be fully spin polarized and ␣ is independent of p, which is proportional to the z component of total electron spin, if the spin Zeeman energy is completely neglected. At ϭ1, in particular, the value of ␣ eff can be calculated analytically as
because the spatial wave function of the ground state can be written as a single determinant at this filling factor as shown in Appendix A. On the other hand, in the extremely low filling factors such as Ӷ1/10, it is expected that the system forms a hexagonal Wigner solid and ␣ eff can also be calculated analytically as 22, 33 
where 1ϭ(nϩm/2,)m/2) with n and m being an integer as shown in Appendix B. In other cases, the structure factor is calculated for the ground state obtained by exact diagonalization for finite-size systems. The calculated ␣ sym /␣ in the case ↑ ϭ ↓ obtained for 2рN e р10 are shown in Fig. 2 together with the analytic results given above. The symmetrized coupling constant ␣ sym /␣ increases rapidly with and reaches a maximum at ϭ1.
B. Mass-split cyclotron resonance
In the case of mass-split CR, 24 two collectively excited states corresponding to Eq. ͑3.1͒ are written as
where ͉ 0 ͘ is the ground state of the system with energy E 0 and A N ϩ is defined by Eq. ͑2.11͒. The 2ϫ2 effective Hamiltonian is given by
͑3.16͒
The effective coupling constant ␣ eff is defined by 
with S ph (q) being the the guiding-center structure factor between electrons and holes in the first excited Landau level given by
where p 11 (q) and h
11
(q) are the Fourier components of the guiding-center density operator of electrons and holes, respectively, in the first excited Landau level, given by
͑3.20͒
Diagonalizing this effective Hamiltonian, we obtain the CR spectrum in the same form as Eqs. ͑3.6͒-͑3.8͒. Similarly to the case of spin-split CR, the structure factor is calculated using the ground state ͉ 0 ͘ obtained by an exact diagonalization for finite-size systems.
In both finite and infinite size systems, S ph (q) have a particle-hole symmetry. Thus, we can introduce a symmetrized coupling constant as
which has the particle-hole symmetry
In the Hartree-Fock approximation, ␣ sym is independent of p and calculated as ␣ sym HF /␣ϭͱ/128ϭ0.1566 . . . . In fact, it is close to ␣ sym HF /␣ obtained in the Hartree-Fock approximation. In Ref. 24 , the effective coupling parameter ␣ sym has been calculated with the use of a Jastraw-type trial wave function and a hypernetted chain method. According to their results, it changes its sign from positive to negative and therefore CR spectra change their behavior from a ''positive'' mode repulsion to a ''negative'' mode repulsion around p ϳ1/2. Such an anomaly does not appear in the present results.
IV. NUMERICAL RESULTS
A. Spin-split cyclotron resonance "T‫…0؍‬
Numerical calculations are performed under the condition 2рN 0 р8, where N 0 ϭMin(N e ,2N ϪN e ) means the number of electrons for р1 and of holes for Ͼ1. We choose a/bϭN 0 /4 according to previous calculations. 26 The obtained CR spectra show little dependence on N 0 and a/b if N 0 у4 and a/bϳ1. The calculated results are shown by the histograms with width ⌬/100 and spectra broadened by a Lorentzian with half-width ⌬/5. At zero temperature, the spectra calculated in GSMA and those obtained by a convolution with a Lorentzian with half-width ⌬/5 are also shown. Figure 4 gives ↑ and ↓ values where the calculations are performed. The parameters are summarized in Table I . Figure 5 shows the dependence of CR spectra on the coupling constant ␣ϭE C /ប⌬ at the low filling factor ϭ White circles, crosses, and squares mean that the dependence of the Tϭ0 spectra on ␣ϭ(e 2 /4⑀l)/ប⌬ show a positive mode repulsion, a motional narrowing, and a negative mode repulsion, respectively. Black circles show the points where the spectra are independent of electron-electron interactions. creased, the higher frequency peak is pushed away toward the higher-frequency side and its intensity is transferred to the lower-frequency peak. They are reproduced well by GSMA. Figure 6 shows the ␣ dependence of CR spectra at an intermediate filling factor ϭ1 and at zero temperature. In this case, the spectra consist of many ␦ functions, in particular, for 1Շ␣Շ2. However, the spectra broadened by a Lorentzian still have essentially two-peak structures and may be categorized as a positive mode-repulsion behavior. The deviation from GSMA results becomes significant in the region ↑ ӷ ↓ . . Although the spectra consist of a large number of CR peaks, their behavior can effectively be regarded as two coupled CR modes in the presence of a large broadening. However, the deviation of the spectrum from the GSMA result becomes more and more significant with increasing .
When the up-spin Landau level is completely filled ( ↑ ϭ1), i.e., in Figs. 7͑a͒, 8͑a͒, and 9͑a͒, the CR spectra can be categorized as a ''negative'' mode repulsion, in which the peak in the low-frequency side is shifted toward the lowfrequency side and its intensity is transferred to the peak in the high-frequency side. This result is quite in contrast to the GSMA result that shows no effect of electron-electron interactions because of the vanishing coupling constant ␣ eff as mentioned in Sec. III A.
When the number of up-and down-spin electrons is the same ( ↑ ϭ ↓ ), the CR spectra change their features from a positive mode repulsion to a ''motional narrowing'' behavior with increasing . In the latter case, two peaks merge together into a single peak as in Fig. 8͑b͒ or a new central peak appears and becomes dominant as in Fig. 9͑b͒ , with the increase of the strength of electron-electron interactions. When the down-spin Landau level is completely filled and the upspin level is partially occupied ͑ ↓ ϭ1 and ↓ Ͻ1͒, the positive mode repulsion behavior for ϭ 6 5 shown in Fig. 7͑c͒ gradually turns into a motional narrowing behavior for ϭ 7 4 shown in Fig. 9͑c͒ with the increase of . In summary, the CR spectra change their features sensitively as a function of the filling factor of up-and down-spin electrons and exhibit complicated behaviors at high filling factors. Figure 4 summarizes the characteristic CR features in the ( ↑ , ↓ ) plane. The positive mode repulsion appears in the region Ͻ1 or in ↑ Շ1/2. The negative mode-repulsion appears in the region ↑ ϳ1 and the motional narrowing appears in the region given by the conditions Ͼ1 and 1/2 Ͻ ↑ Ͻ1.
B. Spin-split cyclotron resonance "T 0…
The obtained spectra consist of a tremendously large number of ␦ functions especially at high temperatures. How- ever, they usually have two-peak structures when a sufficiently large broadening is introduced. Figure 10 shows the dependence of CR spectra on the coupling constant ␣ϭE C /ប⌬ for ↑ ϭ ↓ ϭ overlapping of wave functions of up-and down-spin electrons becomes appreciable. This means that the temperature increase corresponds roughly to increase in the effective electron concentration at zero temperature, i.e., increase of with a fixed ↑ / ↓ . In fact, for ↑ ϭ ↓ ϭ 1 2 , for example, Fig.  4 predicts that the spectra change their behavior from a positive mode repulsion to motional narrowing with increasing under the condition ↑ ϭ ↓ . This qualitatively agrees with the change in the behavior due to the temperature shown in Fig. 11 . The same is applicable to the change from a positive to negative mode repulsion in the case ( ↑ , ↓ )ϭ( Fig. 13 . Figure 14 shows the CR spectra in the high-temperature limit (T→ϱ) for the case of a high-filling factor ϭ The corresponding results at zero temperature are given in Fig. 8 . In this case, the characteristic behavior of CR remains essentially independent of temperature, which again agrees quite well with the dependence of the zero-temperature CR spectra given in Fig. 4 .
C. Mass-split cyclotron resonance
The calculations are performed under the condition 2 рN 0 р7 and a/bϭ1 with N 0 ϭMin(N p ,N h ). The obtained CR spectra are weakly dependent on N 0 and a/b if N 0 у4 and a/bϳ1. The calculated results are shown by the histograms and those obtained by a convolution with a Lorentzian with half-width ⌬/5. At absolute zero temperature, the results of GSMA calculation broadened by Lorentzian with width ⌬/5 are also shown. The parameters are listed in Table  II . Figure 15 shows the ␣ dependence of the spectra at zero temperature for p ϭ 4 . When a sufficiently large broadening is introduced, the spectra exhibit two peak structures and their behavior can be regarded as a ''positive'' mode repulsion. However, they consist of many ␦ functions in the region 1Շ␣Շ10, showing some deviation from the GSMA results. This deviation from the GSMA result becomes quite appreciable for small values of p but does not for large p . Figure 16 shows the ␣ dependence of the spectra in the high-temperature limit T→ϱ. The spectra consists of a large number of ␦ functions but have two-peak structures when a sufficiently large broadening is introduced. Contrary to the case of spin-split CR, the broadened spectra always show a positive mode-repulsion behavior and the effective splitting even seems to increase slightly with temperature.
V. DISCUSSIONS
A. Spin-split cyclotron resonance
The spin-split CR spectra show very rich behaviors depending on filling factors and temperatures. In the limit of low filling factors Ӷ1/10 and low temperatures, guiding centers of electrons are mutually separated and transitions from Nϭ0 to Nϭ1 can be well approximated as excitations localized around the minimum points of an effective potential formed by electrons with the other spin. This tends to enhance effective cyclotron frequencies of two CR modes and can be regarded as the origin of the positive mode repulsion.
There are many inter-Landau-level excitations other than two optically active collective modes given by Eq. ͑3.1͒. However, their coupling with two active modes can be neglected at low filling factors, which is the reason that CR can be reproduced quite well in GSMA. This fact is demonstrated in Appendix B with the use of the theory of Cooper and Chalker. 22 When the filling factor is increased, the overlapping between the wave functions of up-and down-spin electrons becomes appreciable and various excitations other than those described by Eq. ͑3.1͒ start to contribute to the spectra. For Շ1, where a Coulomb hole of size ϳl can still be formed, these excitations give rise to broadening of the peak only and the spectra still show a positive mode repulsion. At higher filling factors տ1, however, this overlapping starts to change even the basic behavior of the spectra.
Effects of the overlapping of the wave functions can be demonstrated clearly if we pick up contributions of certain excited states to the dynamical conductivity at low filling factors. We consider the case that ↑ ϭ ↓ ϭ 1 2 (N e ϭN ϭ8) for which the spectra exhibit a positive mode-repulsion behavior in the ground state. Figure 17͑b͒ gives the results for the highest ϳ300 excited states ͓(EϪE 0 )/E C у2.9, where E is the energy and E 0 is the ground-state energy͔. These spectra show a behavior regarded as a negative mode repulsion. This can be understood because CR excitations tend to be localized around ''maximum'' points of an effective potential created by electrons with other spin and their frequencies tend to be lowered. Figure 17͑a͒ gives the results for ϳ300 excited states lying in the middle of the whole spectra ͓1.5 р(EϪE 0 )/E C р1.6͔. They exhibit a motional narrowing behavior that is considered as a certain average of the positive and negative mode-repulsion because a large number of excitations are coupled with each other in a complicated way with various coupling constants both positive and negative.
The behavior in the region ↑ ϳ1 and Ͼ1 or ↑ ϳ1 and Ͼ1 is exceptional and can be regarded as a mode repulsion. This is presumably because the way of coupling among CR modes is strongly restricted in such cases. Let us consider a situation in which the lowest up-spin Landau level is almost completely filled ( ↑ ϳ1), for example. Figure 18 illustrates processes in which a cyclotron transition is coupled with inter-Landau-level excitations through electron-electron interactions.
The process ͑a͒ in which an optically excited up-spin electron decays into down-spin inter-Landau-level excitations is severely limited because of the small number of empty states in the lowest up-spin level. Note that interLandau-level transitions between states with a common guiding center, i.e., qϭ0, are prohibited in the case of electronelectron interactions. On the other hand, the process ͑b͒ for optically excited down-spin electrons becomes more and more important with the increase of ↑ . Consequently, in the case ↓ Ӷ1, CR peaks corresponding to down-spin electrons are repelled to the low-frequency side and their intensity is transferred to that of transitions corresponding to up-spin electrons, leading to a negative mode-repulsion behavior. Note that the process ͑b͒ involves states in which same guiding-center coordinates are occupied by electrons in both Nϭ0 and 1 Landau levels. These states are completely neglected in GSMA because GSMA considers states in which an electron is excited from the Nϭ0 level to Nϭ1 with a common guiding center. This is the main reason that GSMA breaks down in this case. The tendency that GSMA becomes worse for ↑ ϳ1 can be seen also when ϭ1 in Fig. 6͑a͒ . In principle, GSMA is not valid for ↓ ϳ1 and ϭ1, but the deviation is not so apparent because the intensity of the highfrequency peak is too small as shown in Fig. 6͑c͒. 
B. Mass-split cyclotron resonance
In the case of mass-split CR, the spectra show only a positive mode-repulsion behavior independent of temperatures and filling factors. The transitions from Nϭ0 to N ϭ1 occur at the position of a guiding center not occupied by electrons in the Nϭ1 Landau level, while the transitions from Nϭ1 to Nϭ2 occur at a guiding center occupied by electrons. This situation corresponds to spin-split CR for ϭ1 at Tϭ0, which shows only a positive mode repulsion. In fact, in the ground state at ϭ1, up-and down-spin electrons occupy states with different guiding centers because the wave function is given by a single Slater determinant ͑see Appendix A͒, and CR transitions for up-spin ͑down-spin͒ electrons occur at a guiding center not occupied by downspin ͑up-spin͒ electrons. The relatively large deviation from GSMA at p Ӷ1 ( h ϳ1) has the same reason for that in spin-split CR at ϭ1 and ↑ ϳ1 as discussed above.
C. Relation to experiments
Using parameters of bulk GaAs, characteristic scale values are roughly estimated as follows: 10 Cyclotron energy: ប 0 ͓meV͔ϳ1.7ϫ10 1 ϫ͑B͓T͔/10͒. This means that under the usual conditions only a single peak can be observed at ϳ m ϭp/2 in GaAs/Al x Ga 1Ϫx As systems even if both up-and down-spin levels are occupied because of strong electron-electron interactions. However, temperature dependence of the CR position gives some information on the spin polarization of the ground state. 31 In fact, the first moment is expected to decrease from ↑ to ( ↑ ϩ ↓ )/2 with the increase of the temperature at ϭ1, At low filling factors, CR spectra are well described by those obtained in GSMA. Using the numerical results shown in Fig. 2 , the effective coupling parameter is roughly estimated as ␣ eff ϳ1 around at ϳ1/10. Thus, the filling factors ϭ 1 12 , 1 9 , and 1 6 correspond to weak (␣ eff Ͻ1), intermediate (␣ eff ϳ1), and strong (␣ eff Ͼ1) coupling regimes, respectively. This is the main reason that CR spectra exhibit interesting behaviors only in such a narrow range of in GaAs/Al x Ga 1Ϫx As heterostructures.
At such low electron concentrations, the spin polarization p is roughly estimated as pϳtanh(g B B/k B T) . Further, the effective coupling constant ␣ eff is expected to depend only weakly on p. Under such assumptions, we can calculate CR FIG. 18 . A schematic illustration of processes in which a cyclotron transition decays into inter-Landau-level excitations for spinsplit CR in the case ↑ ϳ1 and ↓ Ͻ1. ͑a͒ The up-spin electron excited optically into the Nϭ1 Landau level recombines with a hole in the Nϭ0 Landau level by exciting a down-spin electron into Nϭ1 Landau level through electron-electron interactions. This process is limited by the number of holes in the Nϭ0 up-spin Landau level and becomes negligible in the limit ↑ →1. ͑b͒ The down-spin electron excited optically recombines with a hole by exciting an up-spin electron into Nϭ1 Landau level through interactions. This process remains significant even for ↑ →1.
spectra as a function of temperature. This gives exactly the same result reported previously 22 and can qualitatively explain experiments. In fact, CR spectra in the weak-coupling regime (␣ eff Ͻ1) consist of two peaks whose position is weakly dependent on electron-electron interactions, while only a single peak is obtained at ϳ m in the strong coupling regime (␣ eff Ͼ1). At low temperatures where p→0, we have ϩ Ϫ Ϫ →͉1Ϫ␣ eff ͉ as shown in Eq. ͑3.7͒, which means that two peaks come closer together with the decrease of the temperature for ␣ eff ϳ1.
In order to observe characteristic dependence of the cyclotron resonance on the filling factor in the quantum Hall regime predicted in the present work, it is desirable to be able to control effective interaction strength. A bilayer twodimensional system may be ideal for such purposes. 32, [34] [35] [36] [37] In this system, the effective interaction strength can be changed freely by the distance between the layer, the difference of the CR frequency due to nonparabolicity can be modified by the layer thickness, and the relative electron concentration can be controlled by an applied voltage for a gated structure.
VI. SUMMARY AND CONCLUSION
We have numerically studied effects of electron-electron interactions on spin-split and mass-split cyclotron resonance. In the case of spin-split cyclotron resonance, the spectra show very rich behaviors depending on the filling factor of up-and down-spin electrons and on the temperature, i.e., a positive and negative mode-repulsion and motional narrowing behaviors. The results are understood in terms of the characteristic change in the overlapping of wave functions of electrons and the restriction of the available phase space as a function of the filling factor. In the case of mass-split cyclotron resonance, the spectra show only a positive moderepulsion behavior independent of temperatures and filling factors. 
